We discuss the effect of site dilution on both the magnetization and the density of states of quantum spins in the honeycomb lattice, described by the antiferromagnetic Heisenberg spin-S model. Since the disorder introduced by the dilution process breaks translational invariance, the model has to be solved in real space. For this purpose a real-space Bogoliubov-Valatin transformation is used. In this work we show that for the S > 1/2 the system can be analyzed in terms of linear spin wave theory, in the sense that for all dilution concentrations the assumptions of validity for the theory hold. For spin S = 1/2, however, the linear spin wave approximation breaks down. In this case, we have studied the effect of dilution on the staggered magnetization using the Stochastic Series Expansion Monte Carlo method. Two main results are to be stressed from the Monte Carlo method: (i) a better value for the staggered magnetization of the undiluted system, mav(L → ∞) = 0.2677(6), relatively to the only result available to date in the literature, and based on Trotter error extrapolations; (ii) a finite value of the staggered magnetization of the percolating cluster at the classical percolation threshold, showing that there is no quantum critical transition driven by dilution in the Heisenberg model. In the solution of the problem using linear the spin wave method we pay special attention to the presence of zero energy modes. We show, for a finite-size system (in a bipartite lattice), that if the two sub-lattices are evenly diluted the system always has two zero energy modes, which play the role of Goldstone boson modes for a diluted lattice, having no translation symmetry but supporting long range magnetic order. We also discuss the case when the two sub-lattices are not evenly diluted. In this case, for finite size lattices, the Goldstone modes are not a well defined concept, and special care is needed in taking them into account in order for sensible physical results can be obtained. Using a combination of linear spin wave analysis and the recursion method we were able to obtain the thermodynamic limit behavior of the density of states for both the square and the honeycomb lattices. We have used both the staggered magnetization and the density of states to analyze neutron scattering experiments (determining the effect of dilution on the system's magnetic moment) and Néel temperature measurements on quasitwo-dimensional honeycomb systems. Our results are in quantitative agreement with experimental results on MnpZn1−pPS3 (a diluted S = 5/2 system) and on the Ba(NipMg1−p)2V2O8 (a diluted S = 1 system). Our work should stimulate further experimental research in Heisenberg dilutedhoneycomb systems.
I. INTRODUCTION
The study of dilution and its effect on the magnetic properties of antiferromagnetic materials is a central problem in modern condensed matter theory.
1,2,3,4,5 For the square lattice, a number of important experimental and theoretical results have been reported. 1, 3, 4, 5 For the honeycomb lattice, there are some experimental results in the literature 2 already, but the corresponding theoretical understanding lags far behind.
Insulating antiferromagnets are possible candidates for exhibiting quantum critical points separating ordered from disordered phases. The quantum corrections to the staggered magnetization of diluted antiferromagnetic insulators became an important experimental and theoretical topic after site dilution of La 2 CuO 4 by non magnetic impurities, 1, 6 such as Zn or Mg. Theoretical studies interpreting the magnetic properties of these diluted systems have been recently performed, 3, 4, 5, 7 showing a good agreement between theory and experiment. A description of the effect of dilution on the spin flop phase of La 2 CuO 4 was attempted from the point of view of a simple mean field theory, 8 with some qualitative agreement with experimental results. In addition, the expectation of a magnetic quantum phase transition driven by the interplay of dilution and quantum fluctuations was shown not to occur in the antiferromagnetic Heisenberg model in a square lattice. 4, 5 In the undiluted case, on the other hand, it was shown that the Heisenberg model itself is incapable of describing the high energy part of the spin wave spectrum; a calculation starting from the Hubbard model was shown to give the correct high energy behavior.
9,10,11
The key role played by dimensionality in determining the behavior of a system of quantum magnetic moments lends special importance to the honeycomb lattice, which has the lowest possible co-ordination in more than one dimension (see Fig. 1 ). Realizations of insulating antiferromagnets based on this lattice have already been achieved both with and without magnetic dilution. Recently Spremo et al. 12 have studied the magnetic properties of a metal-organic antiferromagnet on an undiluted but distorted honeycomb lattice. The authors found good agreement between the theoretical predictions obtained within the framework of a modified spin wave approach and the experimental results for the magnetization as a function of uniform external field and for the uniform zero-field susceptibility.
Honeycomb layers are also found in transition-metal thiophosphates MPS 3 , where M is a first row transition metal. These compounds are viewed as "perfect" 2D magnetic systems because of the weak van der Waals cohesion energy binding the layers. In each layer the magnetic ions are arranged in a honeycomb lattice. Neutron diffraction and magnetic susceptibility studies on MnPS 3 , FePS 3 , and NiPS 3 antiferromagnets 13, 14, 15 (S = 5/2, S = 2, and S = 1, respectively) showed the existence of quite different types of ordering among the different compounds. Whereas for FePS 3 and NiPS 3 the metal ions are coupled ferromagnetically to two of the nearest neighbors and antiferromagnetically to the third, for MnPS 3 all nearest neighbors interactions within a layer are antiferromagnetic. In fact, it turns out that the simplest nearest-neighbor antiferromagnetic Heisenberg model is a reasonable approximation for the description of the magnetic properties in MnPS 3 , although the second-(J 2 ) and third-nearest-neighbor (J 3 ) interactions-which are both also antiferromagnetic-are not negligible for this compound (J 1 /J 2 ∼ 10 and J 1 /J 3 ∼ 4). 16 
Substitution of magnetic Mn
2+ ions by nonmagnetic Zn 2+ impurities showed that long-range order (LRO) is lost at p = 0.46 ± 0.03 for Mn p Zn 1−p PS 3 . 2, 17, 18 The fact that LRO is preserved for dilutions higher than the classical percolation threshold for the honeycomb lattice, p c ≃ 0.7, is attributed to the significance of J 2 and J 3 in this compound.
Recently, Rogado et al. 19 have characterized the magnetic properties of the S = 1 honeycomb compound BaNi 2 V 2 O 8 , which can be described as a weakly anisotropic 2D Heisenberg antiferromagnet. 20 The magnetic Ni 2+ ions lie on weakly coupled honeycomb layers, exhibiting antiferromagnetic LRO close to 50 K. The doped compound Ba(Ni p Mg 1−p ) 2 V 2 O 8 has a fraction 1 − p of the honeycomb layer sites substituted by Mg 2+ -a nonmagnetic ion. Magnetic susceptibility studies showed that the Néel temperature is substantially reduced with increasing doping in the range 0.84 ≤ p ≤ 1. For p = 0.84 the onset of antiferromagnetic LRO occurs only at T N ≃ 17 K, a T N reduction of almost 70% relative to its undiluted value. It would be interesting to know whether the suppression of antiferromagnetic LRO by nonmagnetic impurities occurs at the classical percolation transition p c ≃ 0.7, as predicted by our calculations (see below).
In addition to these exciting experimental results, the theoretical result of Mucciolo et al. for the square lattice, 4 where the vanishing of the staggered magnetization for the S = 1/2 systems coincides with the classical percolation transition, opened the naive expectation that for a 2D lattice with nonfrustrating nearest neighbor interactions and a smaller number of neighbors, magnetic quantum-phase transitions driven by the interplay of disorder and quantum fluctuations could occur. The honeycomb lattice is the simplest realization of such a lattice, for its coordination number is smaller than that of the square lattice. On the other hand, large-scale quantum Monte Carlo simulations of the square lattice have shown that the percolating cluster actually has a robust longrange order, 5 in disagreement with the spin wave calculation where this order vanishes very close to the percolation point. Hence, spin wave theory is not reliable at and close to the percolation point for S = 1/2, and we expect this break-down also for the honeycomb lattice at the percolation point. This expectation is confirmed; we have performed quantum Monte Carlo simulations that show only a rather modest reduction of the sublattice magnetization of the percolating cluster, whereas there is no long-range order in spin wave theory for S = 1/2 in this case.
Experimental S = 1/2 antiferromagnetic systems with honeycomb lattice structure have already been reported by Zhou et al. 21 in the A 2 CuBr 4 salt, where A is morpholinium (C 4 H 10 NO). Their data is well described by a nearest-neighbor antiferromagnetic Heisenberg model, but with two different couplings J a and J b . To the best of our knowledge, the dilution of this system has not yet been attempted.
Motivated by the experimental results on diluted Mn p Zn 1−p PS 3 and Ba(Ni p Mg 1−p ) 2 V 2 O 8 and by the possibility of quantum phase transitions driven by the interplay of disorder and quantum fluctuations, we study here the effect of site dilution on the magnetic properties of the Heisenberg antiferromagnetic nearest-neighbor model, for an arbitrary spin-S value. Our study is performed both at zero and finite temperatures. A first attempt to understand the effect of a nonmagnetic defect on the properties of the S = 1/2 2D Heisenberg antiferromagnet in the honeycomb lattice was made by de Châtel et al. 22 In their mean-field approach, a single impurity was introduced in clusters up to 12 spins. It is clear, however, that their results can only be applied to systems with dilutions up to 1 − p = 1/13. Moreover, the random nature of defects cannot be accounted for using their method.
In this paper, we follow the general idea of the work of Mucciolo et al., 4 by using the linear spin wave approximation in real space to compute different physical quantities. In addition we use finite-size scaling to determine the magnetic moment of the samples. We address the problem of determining the density of states (DOS) of our system using a different and more reliable method, which gives the behavior of the DOS in the thermodynamic limit. The paper is organized as follows: in Sect. II we present the Hamiltonian and the formalism we use; in Sect. III we give the numerical details of our method; we present the results on the staggered magnetization and on density of states as well as on the cluster characterization in Sect. IV; finally, in Sect. V we summarize our work and present some concluding remarks.
II. MODEL HAMILTONIAN AND FORMALISM
The Heisenberg Hamiltonian describing quantum spins in a site-diluted honeycomb lattice is written as
where
) is the spin operator on a site i of sublattice A (B). The notation i + δ represents a nearest neighbor site of site i, connected to i by the vector δ. There are three different δ vectors given by
The corresponding matrix elements are
The diagonalization of the bosonic Hamiltonian amounts to find a transformation T such that
where diag(ω 1 , . . . , ω Na+N b ) stands for a diagonal matrix with elements ω 1 , . . . , ω Na+N b in its diagonal, N a + N b in number.
In this case all the eigenvalues ω 1 , . . . , ω Na , ω Na+1 , . . . , ω Na+N b are positive. The quasiparticles associated with those eigenvalues are obtained from
In the undiluted case, it is well known that Eq. (12) can be diagonalized through a Bogoliubov-Valatin transformation in the reciprocal space. For a subsequent analysis it is convenient to reproduce here the results of the calculation for the undiluted honeycomb lattice. 24 We first introduce the operators a k and b k defined as the inverse Fourier transforms of a i and b i ,
where the k summation ranges over the first Brillouin zone of either sublattice A or B. (Do not confuse the site index i and the complex imaginary unit also present in the Fourier transform). The vector r i is the position vector of site i, and N a = N b in the absence of dilution. Substituting Eq. (20) into Hamiltonian (12) gives us H sw = k H k , with
where φ k is defined as
The diagonalized form of Hamiltonian (21), given by
with
can be easily obtained from the following BogoliubovValatin transformation,
with coefficients u k and v k given as functions of the parameters h a and φ k .
In the diluted case, translational symmetry is lost, and the solution in the reciprocal space is as difficult as the one in real space. Let us start by constructing an operator transformation of the Bogoliubov-Valatin type in real space which can be used in the presence of dilution:
This definition of α † and β † excitations gives us N a α-type quasi-particles and N b β-type quasi-particles. Equations (26) and (27) define the transformation matrix (19) ,
where the
and V * (X) contain the coefficients u * ni (w ni ) and v * ni (x ni ), respectively. Since the quasi-particles must have a bosonic character, the quasi-particle operators must satisfy the commutation relations
which lead to the following constraints on the transformation coefficients:
Equations (31) (32) (33) (34) can be written in matrix notation as
These relations can be put into a more compact form by defining the matrix
in terms of which Eqs. (35) (36) (37) (38) can be rewritten as
Since 1 p 1 p = I Na+N b , it can be shown, after simple algebraic transformations, that
As a result we have four additional (though not independent) sets of orthogonality equations,
Since transformations (26) and (27) diagonalize the spin wave Hamiltonian (12), the quasi-particles will obey the following commutation relations:
[Notice that we have relabeled the positive eigenvalues introduced in (18) to ω
.] From Eqs. (46) and (26) we can define an eigenvalue matrix equation in the usual form, namely,
where the column vectorsū n andv n contain the coefficients u ni and v ni , respectively. From Eq. (49) and the complex conjugate of Eq. (27), a similar eigenvalue matrix equation can be defined,
Defining the matrices
and
and recalling definition (28) for T and definition (39) for 1 p , Eqs. (50) and (51) can be combined into a single equation,
This can be made more compact still by defining the matrix Ω = diag(ω
From Eq. (55) and the relations (40) and (41), it is not difficult to show that
Thus, solving the eigenvalue problem defined by Eq. (54) under the constraint (40) is equivalent to finding a transformation T which satisfies Eq. (18), and where, obviously,
According to Eq. (19) , the diagonalized form of the spin wave Hamiltonian is obtained as
The conclusion of the above discussion is that the operator transformation given by Eqs. (26) and (27) diagonalizes the spin wave Hamiltonian (10) and that α † and β † are the quasi-particles (with bosonic character) associated with the low energy excitations of the antiferromagnetic Heisenberg Hamiltonian for quantum spins in a site diluted honeycomb lattice (needless to say the above description applies to other lattices as well).
Using Eq. (19) it is possible to write any average of the initial bosonic operators in terms of the quasi-particle operators α and β. The simplest example is the staggered magnetization M stagg z at T = 0 given by
III. NUMERICAL DETAILS
The formalism developed in the above section is based on the existence of the matrix T and, naturally, on the possibility of finding it by some numerical procedure. In this work we have used two independent methods to compute the transformation matrix and the associated eigenenergies. Both methods agree with each other within the numerical accuracy of the calculation. One of them is based on a Cholesky decomposition and gives the T −1 matrix directly, whereas the other solves the eigenvalue problem defined by Eq. (54), computing the matrix T † and from this the matrix T.
A. Cholesky Decomposition method
As shown by Colpa, 25 so long as the grand dynamical matrix is positive definite, a simple algorithm exists for determining T. A hermitian (or symmetric) matrix is positive definite if all its eigenvalues are positive. By definition the quasi-particles α † and β † have positive or zero excitation energy. As will be shown in Subsect. III C, the zero energy excitations are associated with spin rotations, which cost zero energy due to the spin rotational symmetry of the isotropic Heisenberg model. So, provided that h a ≥ 1 + , all eigenvalues are positive and the grand dynamical matrix is positive definite. The algorithm is implemented in three major steps:
1. for D positive definite a Cholesky decomposition can be performed 26 and we have D = QQ † , where Q is an upper triangular matrix. The existence of a Cholesky decomposition guarantees that the problem is positive definite; 2. it can be proved that there exists a unitary
3. finally, it can be proved that T
B. Bogoliubov-Valatin Transformation method
The nonhermitian eigenproblem defined by Eq. (54) can be solved with standard numerical algorithms. Here we have used subroutines of the LAPACK library. It should be noted that the resultant eigenvectors do not provide the required T † matrix directly. After diagonalization the eigenvectors have to be normalized such that they satisfy Eqs. (31) and (32) for n = m. Degenerate eigenvectors 53 have to be carefully analyzed because the LAPACK subroutines we have used do not guarantee that they satisfy Eq. (40) (though Eqs. (31) to (34) are satisfied by default for n = m). The algorithm is implemented as follows:
1. the matrix D1 6. the positive eigenvalues and respective eigenvectors are identified with α modes, and the negative ones with the β modes;
7. eigenvalues and eigenvectors are sorted such that matrix T † has the form defined in Eq. (28).
C. Zero modes
It is well known that the clean and isotropic limit of Hamiltonian (10) has two zero-energy excitations (Goldstone bosons), whose momenta can be determined from Eq. (23). These gapless modes are a consequence of the fact that the ground state spontaneously breaks the rotational symmetry of the Hamiltonian in spin space. It can be shown 27 that these zero-energy modes have divergent amplitudes. In two and three dimensions the quantum corrections to the staggered magnetization (at zero temperature) are finite, meaning that the divergence associated with the zero energy modes is integrable. We note, however, that if the mean square amplitudes of the differences between the two x-and y-components, given by
are computed, we immediately find divergent behavior.
28
The same divergent behavior is also found if we try to get the staggered magnetization (58) from a finite-size scaling procedure, doing summations in k-space for finite-size systems, including all momenta of the Brillouin zone.
As shown by Anderson, 27,28 this does not mean that the spin wave approximation is breaking down and that the system has no LRO. What it means is that these divergences are related to the zero point motion of the Goldstone modes, and their presence is required to exist since in a finite-size system one cannot have solutions that break the spin rotational symmetry of the problem. 29 The presence of a broken symmetry ground state is made possible if we analyze the H 0 term in Eq. (21), from which the Goldstone modes arise. This term cannot be diagonalized through any BogoliubovValatin transformation. Actually, it has a continuum spectrum starting from the zero energy ground state (see Appendix A). Using this continuum of states we can form a wave packet centered around some prefixed orientation in spin space, with the property of having both a finite staggered magnetization, and a mean square roots of the quantities (62) and (63) scaling with 1/N 1 2 −α , with α > 0, as long as we pay some extra energy. In addition, it can be shown (see Appendix B) that this extra energy scales as 1/N 1 2 +α , being negligible in the thermodynamic limit. Thus it is a suitable approximation to form the above mentioned wave packet from the solutions of H 0 , and to study the energy and the zero point motion of all other normal modes within a time interval smaller than that needed for the zero-energy wave packet to disrupt the coherence of the unidirectional state. 27 The understanding of the role played by Goldstone bosons in finite-size systems is crucial for computing well defined quantities in the thermodynamic limit from calculations in finite-size lattices. As a practical example, the staggered magnetization can be obtained from the finite-size calculations if the Goldstone zero point motion contributions are subtracted, because the H 0 solutions were already used to form the starting broken symmetry state. From this procedure we get exactly the same value as from the convergent integral in the continuum limit.
The above discussion now needs to be carried on to the diluted case, where the above aspects are more delicate than in the nondisordered case. In the presence of dilution, it is easy to verify that there is at least one zero mode in Eq. (50) in the isotropic case. This nontrivial solution with zero energy satisfies the equation
with all the amplitudes constant. To prove that this is indeed an eigenstate we only need to remember definitions (14-17) of matrices K a , K b and ∆, and check that the following equalities always hold:
In terms of quasi-particle excitations, the eigenvector defined by Eq. (64) can be expressed as
in the case of an α-type excitation, and
if it is a β-type excitation. Recalling the approximate expressions in Eq. (9) for the operators S (68) can be rewritten as
Thus, excitations α † 0 and β † 0 are precisely the Goldstone bosons associated with the broken continuous symmetry of spin rotation in the diluted system.
As will be shown in Subsect. III E, the thermodynamic limit of the staggered magnetization for the diluted system will be obtained from a finite-size scaling analysis. As we have started from a broken symmetry ground state (the wave packet), which is a direct consequence of Eqs. (3) and (4), we would proceed as in the clean limit and neglect the contributions of α 0 and β 0 modes. However, although in the undiluted case the number of Goldstone modes is always two, when dilution is present this number can either be one or two, in a finite size lattice. The reason why this is so is that operators S 
Nevertheless, in the clean limit we can easily convince ourselves that the expectation value of S z tot is always zero, and, as S z tot is a constant of the motion, commutator (71) will always be zero. To get the value of the commutator (71) in the presence of dilution we make use of Eq. (9), from which one finds
Now it is easily seen that one can have one or two Goldstone modes in a finite-size diluted system: if the number of undiluted sites in each sublattice is the same (N a = N b ) there will be two Goldstone modes; otherwise, if N a = N b , there will be only one. Applying to this case the reasoning used for the undiluted case, we should then neglect the contributions of the existent Goldstone modes.
As the system size increases, the fluctuations relative to the zero mean value of N a − N b should scale as 1/ √ N a + N b , statistically speaking. Therefore the difference N a − N b is again zero in the thermodynamic limit and the system has two zero energy excitations. This situtation cannot be achieved in finite size lattices, unless we restrict ourselvess to cases where the disordered realizations are constrained to obey the condition N a = N b , being clear that the staggered magnetization in the thermodynamic limit cannot depend on this restriction. We stress, however, that without this restriction the conclusions drawn from finite-size lattices would be different if we had accepted all sorts of disordered lattice realizations. This difference is due to the contribution of the "quasi-divergent" energy modes that emerge when N a = N b . We will get back to this point in Sect. IV, presenting numerical evidence for what we have just analysed.
D. Cluster formation and periodic boundary conditions
The study of diluted lattices requires the concept of largest cluster, and therefore some care is required in constructing the effective lattice where the quantum problem is to be solved. Since we are interested in dilution, the algorithms discussed in Subsecs. III A and III B are to be implemented not on all occupied lattice sites, but only on the sites defined by the largest connected cluster of spins, since in the thermodynamic limit a finite magnetization cannot exist if one is below the percolation critical threshold p c . The dilution is induced in the lattice by diluting any site with probability 1 − p. For p = 1 there is no dilution at all. When p = p c a classical percolation transition occurs in the thermodynamic limit preventing the existence of magnetic long range order in the system. According to Suding and Ziff, 30 p c = 0.697043(3) in the honeycomb lattice. Here we use p c = 0.697043.
We work with finite size lattices where periodic boundary conditions (p.b.c.) are implemented as defined in Fig. 1 . In Fig. 1 according to which site they connect to. The lattices are characterized by their linear dimension L (L = 3 in Fig. 1 ). The total number of sites for a given L is 2L 2 . The algorithm starts by identifying the largest cluster, for rigid boundary conditions (this is, with no p.b.c.). As in Ref. 4 , it is only after the largest cluster is found that we apply p.b.c. to the original lattice, checking whether there are new sites belonging to the largest cluster. As previously discussed in Subsect. III C, only clusters with N a = N b are to be used, so we reject all disordered lattice realizations in which N a = N b .
56 Finally, the eigenvalue problem is solved for the final cluster using the aforementioned algorithms. In Fig. 2 we show an example of a disorder realization and the corresponding cluster labeling process at p = p c . The larger cluster found for rigid boundary conditions can be seen in panel (c) of Fig. 2 . After p.b.c. implementation the final cluster has a larger number of elements (panel (d) in Fig. 2 ).
E. Finite-size scaling
The eigenvalue problem determines all the eigenvalues and eigenfunctions for the cluster, and from these the corrections to the staggered magnetization are computed according to Eq. (59). For a given p value, N rz disordered lattice realizations with N a = N b are performed, leading to an average staggered magnetization density m av
where M stagg,i z is the value of Eq. (58), and N i m is the total number of magnetic (undiluted) sites in the lattice, for the given disorder realization i. Although m av does not depend explicitly on L, the sizes of the clusters are 
where we used the notation m The quantum contribution is simply the staggered magnetization density of the larger cluster found in the disorder realization i. It would be S in the Néel state but it is reduced by δm i z (p, L) due to quantum fluctuations, whose strength depend on dilution p and lattice size L. If LRO is present we can assume that the sublattice magnetization, or equivalently the staggered magnetization, is a self-averaging quantity, as was shown to happen in the square lattice case. 
The classical factor now assumes the standard form for the order parameter of the classical percolation problem,
which is zero for p ≤ p c . Therefore a quantum critical point can only exist above p c if m qm = 0 for some p * > p c . To find m qm we need to compute the average infinite-size value of the quantum corrections δm ∞ z from our finite size calculations. We show that finitesize scaling can be found for this quantity, from which results holding in the thermodynamic limit can be obtained. In our study the size of the largest connected cluster N a + N b is not fixed, instead the linear dimension of the lattice L is. As shown for the square lattice, 5 the alternative approach where the percolating cluster size is fixed leads to the same magnetization value in the thermodynamic limit. The finite-size scaling properties of the quantum correction to the magnetization are strictly not known for a disordered system at the percolation point. However, in practice a direct generalization of the pure-system scaling, using the fractal (Hausdorff) dimensionality, has been shown to work well.
5 Hence we will assume
where δm ∞ z is the average quantum correction to the staggered magnetization density in the thermodynamic limit, and D is the fractal dimension of the cluster, which should have the universal value D = 91/48 at p c (in two dimensions), as is confirmed for the square and triangular lattices.
31

F. Density of states
The real space diagonalization procedure, either Bogoliubov-Valatin or Cholesky decomposition, is very time consuming, preventing us from accessing large clusters (in the honeycomb lattice L = 16 is our upper limit). Although for the staggered magnetization density a finite-size scaling analysis can be done, we cannot easily guess the thermodynamic limit behaviour of the DOS from results of systems as small as L = 16.
In this work the well known recursion method is used to compute the average DOS. With this method we can handle lattices as large as L = 128, with the advantage that the obtained DOS is not the typical finite size DOS of a system with L = 128, but instead a very good approximation for its thermodynamic limit value, guessed from this finite-size system. We refer the reader to the paper of R. Haydock 32 for details in the case of non-interacting fermionic systems. Being a real space method the effect of disorder can be easily incorporated. Here we adopt the formulation introduced in Ref. 33 for disordered electronic systems. Further details on the recursion method in relation to disordered bosonic bilinear systems [such as model Hamiltonian (12)] will be presented elsewhere.
34
It is worth mentioning that the recursion method has proved to be a powerful technique even in the presence of interactions. 35 Actually, the continued fraction representation of the Fourier components of the one particle propagator, the basis of the recursion method, is also an essential point in the Padé analytical continuation which usually arises in the many-body problem. 36 We define the following set of zero temperature retarded Green's functions in the standard way,
where the notation |0 is used for the ground state of the spin wave Hamiltonian (12) . The Fourier components of each of the Green's functions in Eq. (78),
are the quantities of interest when determining the DOS. Defining the DOS as
it can be easily shown that ρ(E) is given in terms of the Fourier components of the Green's functions (79) as
The recursion method gives Im[G ij (E + i0 + )] directly, the imaginary part of the Fourier components defined in Eq. (79), 34 from which the DOS is straightforwardly computed.
IV. RESULTS
A. Larger cluster statistics
The number of sites in a regular planar lattice goes as the square of its linear size. In the thermodynamic limit, the same scaling applies to the largest cluster of the corresponding randomly-site-diluted lattice. This behaviour persists up to the percolation threshold, at which point the lattice is dominated by a spanning cluster of fractal dimension. Beyond percolation, individual clusters are no longer extensive: they each constitute a vanishing fraction of the total number of sites. For a honeycomb lattice of size L and dilution level x = (1−p)/(1−p c ), let P (N c |L, x) denote the probability that the largest cluster has N c sites. The average size of the largest cluster is simply the corresponding first moment:
Example probability distributions for the honeycomb lattice are given in Fig. 3 . For small x, the distributions are sharply peaked. As x → 1, they become progressively broader and develop long tails skewed toward small values of N c (marking the evolution to a different universal scaling function at percolation). As can be seen in Fig. 4 (inset), a long tail is present for smaller cluster sizes. This enhancement of the larger cluster size distribution can be understood as a consequence of the many possible disorder configurations for the same dilution. That is, we can have various smaller clusters instead of one large dominant cluster for the same number of diluted sites, though, of course, these disorder configurations are not so favorable.
B. Finite size scaling analysis
We have performed numerical real space diagonalization of model Hamiltonian (12), as described in Sect. III, for the honeycomb and the square lattices. Lattices with sizes L = 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16 (honeycomb) and L = 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28 (square) were generated. Averages were taken over N rz = 10 5 disorder realizations.
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In Figure 5 we show, for the honeycomb lattice, the average quantum correction to the staggered magnetization δm z (p, L) Nrz ses (77). The extrapolated zero abscissa value gives the average quantum correction to the staggered magnetization density in the thermodynamic limit δm ∞ z (p). In the undiluted case there is an excellent agreement between the real space diagonalization results (left-triangles) and the reciprocal space sum (black squares), obtained from the first k-summation in Eq. (C9) of Ref. 24 , thus providing a reliability test to our algorithms.
For p = p c we show in Fig. 5 the results obtained from three different approaches. The blue up-triangles are the results of our standard technique discussed in Sect. III, i.e., only lattices in which N a = N b were considered and zero modes subtracted. The result labeled by violet down-triangles refers to a calculation in which the disordered realized lattices are not constrained to have N a = N b . The considerable difference between these two results is due to the presence of one "quasi-divergent" low energy (nonzero) mode when N a = N b . That is, even though we subtract the zero energy Goldstone mode as discussed in Sect. III for N a = N b , there is, in this situation, a low energy eigenstate that contributes in order O(1) for δm z , compared to the O(1/N c ) contributions of the others eigenstates. If the contribution of this mode is subtracted the result labeled by orange diamonds is obtained, which agrees well with the result of our standard technique (where the constrain N a = N b is always used).
To better understand the presence of this nonzero energy "quasi-divergent" mode when N a = N b , we have computed the contribution to δm z from the lower Fig. 6 agree with this general picture. Furthermore, they imply that even for small sizes there is a mode, which will be identified with a Goldstone mode in the thermodynamic limit, that contributes "macroscopically" to δm z , though having a finite energy.
C. Staggered magnetization
The results we found for the quantum mechanical factor m qm (x) are summarized in Fig. 7 for the honeycomb lattice (panel (a)) and for the square lattice (panel (b) ). Three different values of spin, S = (1), respectively. Similar results for the square lattice were obtained in Ref. 4 , though the limited number of averages over disorder prevented the authors to distinguish x * from x = 1. The predicted quantum critical point is absent in quantum Monte Carlo calculations, either in the honeycomb lattice or in the square lattice.
5 As already mentioned in Sect. II, we should not expect the validity of spin wave approximation when δm z ∼ S, because inequalities (7) and (8) 
Comparison with experimental results
Now we compare our results for the staggered magnetization in the spin wave approximation with available experimental measurements on Mn p Zn 1−p PS 3 and
a. Mn p Zn 1−p PS 3 The layered compound MnPS 3 is a S = 5/2 Heisenberg antiferromagnet.
14 This huge spin value suggests that the spin wave approximation should work well in this case. Indeed, the average magnetic moment on the Mn atoms was found to be 4.5(2) µ B at 3.5 K in the pure material, colation threshold) we would have to take into account second-and third-nearest neighbor couplings in Hamiltonian (1). Nevertheless, the effect of dilution for p ≤ p c is already well described by the first-nearest neighbor model. Furthermore, the agreement between experimental and theoretical results even at p = p c , indicates that the primarily effect of second-and third-nearest neighbor interactions is classical. That is, the existence of one largest connected cluster with a finite fraction of spins in the thermodynamic limit is guaranteed by this couplings for p > p c , but the quantum correction to the staggered magnetization density is determined by the smaller firstnearest neighbors clusters belonging to this larger one, at least for p p c . Further investigations are needed to clarify whether this is the correct picture.
The layered compound BaNi 2 V 2 O 8 is a spin S = 1 antiferromagnet in a honeycomb lattice. Neutron diffraction experiments have found, in the pure case, an average magnetic moment of 1.55(4) µ B for Ni at 8 K, 19 which is in good agreement with the spin wave result m ≈ 1.48 µ B . To our knowledge, the magnetic moment has not yet been measured for the diluted compound. Nevertheless, the available magnetic susceptibility measurements on Ba(Ni p Mg 1−p ) 2 V 2 O 8 for dilutions in the range 0.84 ≤ p ≤ 1, show that the Néel temperature is strongly dependent on the amount of dilution. 19 For the highest diluted sample (p = 0.84) a reduction of almost 70% relative to the undiluted Néel temperature was found. It would be interesting to know whether the suppression of antiferromagnetic LRO by nonmagnetic impurities will occur at the classical percolation transition p c ≃ 0.7, as predicted in our calculations. 
with ω k as in Eq. (24), and φ k given by Eq. (22) . The summation in k is done in the first Brillouin zone of sublattice A or B, and can be replaced by an integration when L → ∞. When h a = 1 the spin wave dispersion behaves as ω k ∝ k in the long wave length limit, similarly to the square lattice case. As a consequence the thermal correction to the staggered magnetization develops a logarithmic divergence, which signals the well known suppression of LRO at T > 0 in the 2D isotropic Heisenberg model. Therefore, if LRO is present up to T N = 0, either a magnetic anisotropy h a or a finite interplanar exchange J ⊥ (or both) must be present. If the former is the dominant effect T N can be calculated using the mean-field like equation
In the latter the transition should occur when the interplanar coupling is strong enough to stabilize the LRO in comparison with thermal fluctuations:
The parameter ξ(p, T ) is the inplane correlation length, which characterizes the spin fluctuations of a layered system in a paramagnetic phase. The area of a hexagon of side c is given by A = c 2 3 √ 3/2. The correlation length can be calculated in the context of the modified spin wave theory, 43 and in the non-diluted (p = 1) case it is exponentially divergent with 1/T as T → 0. The mean field picture which leads to Eq. (91) was proposed in Ref. 7 , and gives a good description of the variation of T N (p)/T N (0) with dilution 1 − p in a variety of layered compounds with square lattice.
In the case of MnPS 3 a small gap of magnitude ∆E = 0.5 meV was found in the spin wave energy at the the Brillouin zone center. 16 This energy gap can be explained by either a single-ion anisotropy or a dipole coupling, being modeled here by a small magnetic anisotropy h a > 1. From the spin wave dispersion (24) it is found that h a ≈ 1.004 is needed to obtain ∆E = 0.5 meV (a nearest-neighbor exchange of magnitude J = 0.8 meV was used 16 ). We remark that such a small magnetic anisotropy has no effect in the conclusions we have made so far based in the isotropic Heisenberg model (h a = 1). As an example, the the average magnetic moment on the Mn atoms given by spin-wave theory is m ≈ 4.48 µ B for h a = 1 and m ≈ 4.55 µ B for h a = 1.004, both in excellent agreement with the experimental value 4.5(2) µ B at 3.5 K.
2 Inserting this value of h a into Eq. (89) we obtain T N ≈ 70 K as a solution of Eq. (90), in agreement with the measured value T N = 78 K.
14 Nevertheless a finite interplanar exchange of magnitude J ⊥ = 0.0019(2) meV is also present in the MnPS 3 compound. 16 With ξ(p = 1, T N = 78 K) = 27.5Å measured by neutron scattering, 44 and c = 3.5Å, 45 we obtain from the mean field equation (91) T N ≈ 6 K. This small value of T N is an indication that the effect of the interplanar coupling is not as important as the magnetic anisotropy in stabilizing the LRO. Therefore we use Eq. (90) to study the effect of dilution on T N (p). The thermal correction δm T z defined by Eq. (84) is computed via recursion method (see Subsect. III F), noting that it can be expressed as where the kernel K(E) is given by
It is worth mentioning that with the recursion method δm T z can be computed with the same precision (limited by the linear size L = 128 of the sample) from the undiluted limit p = 1 to the percolation threshold p = p c .
The result of numerically solving Eq. (90)-with δm T z computed by applying the recursion method to systems with L = 128 and averaging over 200 to 400 disorder realizations-is shown in Fig. 9 . Also shown are the results of magnetometry measurements on Mn
The difference between the theoretical results and experimental values suggests that in opposition to the magnetic moment at zero temperature (see Fig. 8 ) the effect of second-and third-nearest-neighbor couplings should be included to obtain a quantitatively correct Néel temperature as dilution is increased. An estimation of T N (p)/T N (1) can as well be obtained by standard mean-field theory, T MF N = 2 3 JzS(S + 1). 46 Replacing S by the zero temperature staggered magnetization density m av (p) defined in Eq. (75), and assuming that the coordination number decreases linearly with dilution, z ∝ p, the ratio T N (p)/T N (1) is given by In Fig. 9 we show as diamonds the results of Eq. (94). Although this result reproduces the correct dependence on p, it should be stressed that as a mean-field approximation the absolute value of T N (p) is overestimated.
The effect of dilution on the Néel temperature of Ba(Ni p Mg 1−p ) 2 V 2 O 8 was studied by Rogado et al. for dilutions in the range 0.84 ≤ p ≤ 1. 19 The few experimental results concerning the magnetic properties of BaNi 2 V 2 O 8 are insufficient to undoubtedly determine the model which better describes the magnetic behaviour of this compound. Although electron-spin resonance measurements seem to be well fitted by a weakly anisotropic Heisenberg model with easy-plane symmetry (XY), i.e., h a 1 in Hamiltonian (10), the same results can as well be explained with the isotropic limit of this model. 20 Further experiments would be valuable in determining the nature of the LRO observed in this compound, in particular inelastic neutron scattering from which the spin wave dispersion can be measured. Here we assume that a small gap is present at the Brillouin zone center, and that it can be modeled by a small uniaxial interaction anisotropy, i.e., h a 1 in Hamiltonian (10) . In particular h a − 1 ≈ 10 −4 is needed to get T N ≈ 50 K in the undiluted case (a nearest-neighbor exchange of magnitude J ≈ 4 meV was used). The T N (p)/T N (1) vs p result obtained by numerically solving Eq. (90) for S = 1, with δm T z computed applying the recursion method to systems with L = 128 and averaging over 200 to 400 disorder realizations is shown in Fig. 10 (squares) . Also shown are the mean-field result of Eq. (94) (diamonds) and results of magnetic susceptibility data for Ba(Ni p Mg 1−p ) 2 V 2 O 8 (circles) (Ref. 19) . The disagreement between the mean-field result (Eq. (94)) and experimental values can be attributed to the small spin S = 1 value, which means higher quantum fluctuations and less mean-field like behaviour. The theoretical result (squares) and the experimental values are in reasonable agreement, though it seems to worsen as dilution increases. It should be noted that the spin-wave theory for layered materials is not really adequate at T ∼ T N , and when it is applied to the mean-field like Eq. (90) it tends to overestimate the absolute value of the Néel temperature.
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E. Density of states
The effect of dilution has a strong impact on the DOS of the system. Since the momentum is no-longer a well defined quantum number the spin waves acquire a finite lifetime.
7 As a consequence, the basis that diagonalizes the problem has a very different energy spectrum, which implies a different DOS.
We have calculated the DOS of the antiferromagnetic Heisenberg model in the linear spin wave approximation for the honeycomb and square lattices in the presence of dilution. The recursion method briefly discussed in Subsect. III F was used to study the variation of the DOS with dilution. The method is valid from the undiluted p = 1 limit to the percolation threshold p c , and enables the access to the whole energy spectrum. The precision limit is set by the linear size L of the system, which we fix here to L = 128 both in the honeycomb and square lattices.
In Fig. 11 we show the square lattice DOS at four different values of dilution x. The depletion of the high energy part of the DOS in favor of low energy modes is clearly seen as dilution is increased, in agreement with the results obtained by exact diagonalize smaller systems. 4 The two structures visible at around E/JS = 2 and 3, which Mucciolo et al. 4 associated with the breaking of the clean-limit magnon branch into three distinct but broad branches, are also evident.
The DOS for the honeycomb lattice is shown in Fig.  12 . A decrease in the density of high-frequency states and the proportional increase in the density of low-frequency ones is also clear as dilution increases. This feature can then be viewed as a general effect of the presence of dilution. Structures as those observed in the square lattice case, just below E/JS = 2 and 3, are not so easily identified. Nevertheless, a feature of this kind seems to be present just below E/JS = 2. To determine whether or not it can be associated to the presence of fractons, as in the square lattice case, 4 a more detailed study is needed, such as the calculation of the dynamical structure factor in the diluted honeycomb lattice.
The effect of moving spectral weight from the top of the band to lower energies due to dilution is accompanied by the appearance of a set of peaks, starting to develop in the high-frequency part of the spectrum for small dilution and extending to the entire band as dilu- tion increases. There is, however, a particular peak that deserves special attention. This peak can be seen very close to the bottom of the band (E = 0) for x ≥ 0.8 both in the honeycomb and square lattice DOS. Figure 13 is a zoom of the DOS close to E = 0 at x = x c . Being present both in the honeycomb and square lattices, though a bit stronger in the former, this peak seems to be a general feature associated with dilution. In fact, it is closely related to the finiteness of the quantum corrections to the staggered magnetization at zero temperature.
As shown by Mucciolo et al. 4 , the finiteness of the quantum fluctuations reduces to the problem of the convergence of the integral Emax 0 dEρ(E)E −1 . In Fig. 13 we show a polynomial fit to the low-energy behaviour of the DOS (red line in the left side of the peak). Although it should be seen as guide to the eyes, we can undoubtedly say that in the low-energy limit the DOS behaves as ρ(E) ∝ E α with α > 1, and thus the above mentioned integral is convergent. This result is consistent with the existence of an upper bound for the quantum fluctuations in any model with a classically ordered ground state whose Hamiltonian can be mapped onto that of a system of coupled harmonic oscillators, argued by Mucciolo et al.. 4 This result also agrees with the FSS results presented in Subsect. III E, where we found finite values for δm ∞ z (x). And the fact that δm ∞ z (x c ) > 1/2 can be attributed to the bad-behaviour of the spin-wave approximation when δm z ∼ S, as will be shown in the next section. We have performed a Monte Carlo study of the S = 1/2 quantum Heisenberg antiferromagnet on the sitediluted honeycomb lattice using Stochastic Series Expansion (SSE). 37, 48 Unlike the spin wave approach described in Sects. II and III-which should be understood as an expansion in the relative reduction of the staggered moment δm z /S-this technique is exact (up to statistical uncertainties) and well-behaved even when δm z ∼ S. In particular, the SSE Monte Carlo can access the the small-S, near-percolation regime where the spin wave calculation becomes unreliable. We have closely followed the procedure outlined in Ref. 5 , which treats the site dilution problem on the square lattice. To accelerate convergence, we have taken advantage of the β-doubling scheme described therein: 100 equlibration and 200 sampling sweeps are performed at each temperature with the resulting configuration (an M -element operator list
used to generate a high-probability initial configuration at the next lowest temperature ( A refinement to previous work is that we extrapolate the staggered magnetization to the thermodynamic limit using two different quantities:
Here,M stagg z = i∈AŜ z i − i∈BŜ z i is the z-projected staggered magetization and m qm is the quantum mechanical factor introduced in Subsect. III E. The notation · L,x represents an ensemble average over the quantum states of the system and over all configurations of the size-L lattice with dilution x. The site indices inM stagg z are understood to range over only the largest connected cluster. Equation (95a), being linear, is analogous to the quantity S − δm z computed via spin wave theory. Equation (95b) is essentially a structure factor and equivalent to Eq. (10) 
The staggered magnetization of the undiluted honeycomb lattice (x = 0, Nc = N = 2L
2 ) is extrapolated to the thermodynamic limit following Eqs. (96a) and (96b). A simultaneous fit of the two data sets yields the value mav(L → ∞) = 0.2677 (6) .
to the corresponding functions on the right-hand side either simulaneously-with parameters m qm , {a i }, {b i }-or separately-with parameters m qm , {a i } and m Note that our value of the staggered magnetization is larger than (but consistent with) an earlier Monte Carlo measurement due to Reger et al. 51 (within 1.6 standard deviations). It is also, we believe, considerably more accurate. The Reger group's value of m av (L → ∞) = 0.22(3) was computed by extrapolating relatively large Trotter errors (0.1 < ∆τ < 0.2) to ∆τ → 0 and small systems sizes (4 < L < 8) to L → ∞. Moveover, their analysis supposes that the inverse temperature β = 10 is sufficiently cold to extract the ground state properties of the system, which is very likely incorrect.
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For the diluted honeycomb lattice, we computed the staggered magnetization as an average over 10 5 randomly-generated disorder realizations. Simulations of system sizes up toN c ≈ 2000 were extrapolated to the thermodynamic limit, as shown in Fig. 15 . The figure inset illustrates the dependence of m qm on dilution. In contrast to the spinwave prediction, we find that LRO persists right up to the classical percolation threshold. The magnitude of the staggered magnetization decreases with dilution but does not vanish: m qm = 0.139(6) at x = 1, which represents a roughly 50% reduction in magnetic moment over the undiluted (x = 0) lattice. This is comparable to the effect seen in the square lattice where m qm (0) = 0.3070(3) falls to m qm (1) = 0.150 (2) .
We observe that the square-and honeycomb-lattice values of m qm are remarkably close in the vicinity of x = 1. The likely explanation is that the percolating clusters-retaining little of the structure of their undiluted parent lattice-are themselves quite similar. Both have fractal dimension D = 91/48 and a similar nearest neighbour count: with increasing site dilution, the average coordination number goes fromz The disorder-averaged coordination numberz(x) is plotted as a function of dilution level for infinite square and honeycomb lattices. The difference between the two lattice types narrows as x → 1. The undiluted square lattice is 33% more coordinated than the honeycomb lattice. At percolation, it is only 12% more so.
bours contributing to the local staggered mean field at each site.
V. SUMMARY AND CONCLUDING REMARKS
In this work we studied the magnetic properties for diluted Heisenberg models in the honeycomb lattice. Refined results for the density of states in the square lattice case were also reported. We have shown that spin wave theory in diluted lattices is quite successful in describing the magnetic properties of S > 1/2 systems. On the other hand, for S = 1/2, spin wave theory breaks down and one has to approach the problem using a Monte Carlo method. Contrary to the linear spin wave method the, the Monte Carlo method does not allow for the determination of the density of states. Having the advantage of being rotational invariant by construction, the Monte Carlo method does not face the problem of the existence of zero energy modes. We have discussed in detail what is the physics associated with these modes. In the thermodynamic limit they play the role of Goldstone modes, trying to restore the rotational symmetry of the problem, explicitly broken by the spin wave approximation. We have shown that in a numerical study these modes can not be included in the calculation of operator averages, if sensible physical results are to be obtained. This is because these modes were already used in the construction of the broken symmetry state, as was first discussed by P. W. Anderson in his seminal paper on spin waves in non-diluted lattices.
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Our approach allows us to compute both the staggered magnetization and the Néel temperature as function of the dilution concentration. In particular, the combination of spin wave analysis and the recursion method allows for the calculation of physical quantities virtually in the thermodynamic limit. This possibility was not used before in similar studies on the square lattice.
We have used our results to explain the experimental data of two Heisenberg honeycomb systems: Mn p Zn 1−p PS 3 (a diluted S = 5/2 system) and Ba(Ni p Mg 1−p ) 2 V 2 O 8 (a diluted S = 1 system). In the first case, the available experimental and theoretical studies in the non-diluted regime suggest that secondand third-nearest-neighbor interactions play a role on the physical properties of the system. This can be seen from the fact that the measured magnetic moment of the samples is finite beyond the classical site-dilution percolation threshold. Our calculation suggests, however, that at low temperatures and for p > p c the magnetic moment of these samples can be accounted for on the basis of a single nearest-neighbor coupling. On the other hand, the calculation of the Néel temperature using a single nearestneighbor coupling is underestimated, as it should indeed be case based on the fact that the magnetic order close to the Néel temperature should have a measurable contribution from the other couplings, which are not much smaller than the first nearest-neighbor coupling (the Néel temperature for this system using second-and thirdnearest-neighbor interactions will be studied in a future publication). Simple calculations based on simple (Ising like) mean filed theories, on the other hand, are very much insensitive, by construction, to the microscopic details of the system. Therefore, and as long as quantum fluctuations are not important, a good agreement with the experimental data should be obtained. This is the case for Mn p Zn 1−p PS 3 , but not for Ba(Ni p Mg 1−p ) 2 V 2 O 8 since its much smaller spin brings about the contributions of quantum fluctuations. In the case of the system Ba(Ni p Mg 1−p ) 2 V 2 O 8 , there are, unfortunately, no measurement of its magnetic moment in the diluted phase, however, the Néel temperature as function of dilution is known from thermodynamic measurements. Our results show that in this case, most likely, only the first-nearestneighbor coupling (and a very small magnetic anisotropy) are needed to describe the behavior of the Néel temperature upon dilution. It would be important if further investigations on this system could be performed in the future. sions we will arrive. Actually, this modes will be identified with the Goldstone modes of the diluted system, which, as in the clean limit, can have divergent amplitude. 56 This procedure is a highly inefficient one, because only a small fraction (∼ 6% for L = 14) of disordered lattice realization are accepted. Nevertheless, the amount of time spent finding clusters with Na = N b is a small percentage (∼ 15% and ∼ 6% for L = 14 in the Cholesky decomposition method and Bogoliubov-Valatin transformation method, respectively) of the time consumed by the diagonalization subroutines. 57 As the simulated lattices have N = 2 × L × L sites, and the dilution is achieved generating a random number r ∈ [0, 1] at each lattice site, we need to be careful with the period of the random number generator when averaging over 10 5 disorder realizations. In this work we have used the maximally equidistributed combined Tausworthe generator, 52 as implemented in the GNU Scientific Library. The period of this generator is 2 88 (∼ 10 26 ). 58 The Néel temperature determined from Eq. (90) for isotropic Heisenberg systems is known to be overestimated. In order to correct for it a self consistent solution of this equation is used, where S is replaced by mav. This procedure, very simple to implement in the undiluted case, since there is an analytical expression available for the magnon spectrum, is much more difficult in our case. We postpone the discussion of this aspect to a latter publication.
